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Californiaisone of 4 statesthat have accelerated addition and subtraction basic-facts
memorization. Thisarticlereportson teacher practices, first-grade achievement of the
standard, and a broader conception of basic-facts competence. Even among students
from the highest performing schools, fewer than 11% made progress toward the
memorization standard equivalent to their progress through the school year. Several
negative correl ations between instructional strategiesand student retrieval suggest that
teachers may benefit from professional development targeted at basic-facts teaching
and learning. Textbook reliance was negatively correlated with basic-factsretrieval,
suggesting that educators and policymakers may want to reexamine assumptions about
the efficacy of traditional first-grade textbooks. Thisstudy’ sfindings may prove useful
to teachers, professional development trainers, and textbook publishers as they
consider ways to improve basic-facts learning among early elementary children.
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The question of how and when students should become fluent with addition and
subtraction facts such as 9 + 7 and 15 — 6 has been the subject of much attention
over the years. Although Washburne and the Committee of Seven acknowledged
that students could learn “harder” addition and “ easy” subtraction facts at age 7-8,
and “the more difficult subtraction facts” at age 8-9 (ascitedinllg & Ames, 1951,
pp. 16-17), the accepted practice until just afew years ago was to present addition
and related subtraction factsto 10 or 12 for al studentsduring first grade (67 years
old), and to continue their memorization work with the larger basic facts during
second grade (7-8 years old) and beyond (Ashcraft, 1990; Fox, 1995).

NCTM hasrecently recommended that studentsdevel op recall of the basic addi-
tion and subtraction facts by the end of second grade (2006, p. 14). At least three
states (California, South Carolina, South Dakota) have accelerated thistimelineto

Theresearch reported hereisonefocus of thefirst author’ sdoctoral dissertation
(Henry, 2004).
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first grade and have restricted the definition of “knowing” to that of memoriza-
tion/recall .*

Cadlifornia, educator of approximately onesixth of al U.S. students, hascommitted
to world-class expectations by setting a standard that all students study algebra 1
in eighth grade (California State Board of Education, 1999). To this end, kinder-
garten through seventh grade standards accelerate the study of positive rational
number arithmetic in order to begin the study of negative numbers and symbolic
algebrainfourth grade. California sfirst-grade Number Sense standard reflectsthis
acceleration, stating that students should “ know the addition facts (sumsto 20) and
the corresponding subtraction facts and commit them to memory” (California State
Board of Education, 1999, First-Grade Number Sense Standard 2.1). Thisstandard
isnot repeated in second grade; instead, California s second-grade students are now
charged with what was previoudly athird-grade basi c-facts expectation—to begin
the memorization of their multiplication facts (2s, 5s, and 10s).

With such adramatic change in expectations, questions arise about the ability of
young students to achieve more, earlier. A number of studies have provided
evidence that U.S. children seldom achieve memorization of all addition and
subtraction facts in the early grades of school; more often, these studies have
demonstrated acombination of methodsthat moves over timefrom aheavy reliance
on counting (K—3) toward memorization in the upper-el ementary grades (Ashcraft,
1990; Fox, 1995; Fuson, 1992). This article reports on a study conducted during
the 20032004 school year that investigated the teaching of basic factsin a high-
demand environment, and the actual achievement of first-grade students when a
systemic focus on basic facts memorization isin force.

BACKGROUND

The differencesin thetiming and wording of various states' basic-facts standards
point to fundamental questions about the waysin which children and adults solve
addition and subtraction facts, and the implications of different instructional
approaches for the short- and long-term mathematical achievement of children.
Although there appearsto belittle disagreement that basic-facts fluency isimpor-
tant for al children, there are several competing views on what constitutes basic
facts fluency and how best to help children achieve this fluency.

One prevalent theory of basic-facts learning posits that children strengthen the
association between basic-fact problems and their answers through repeated prac-
tice, building stronger bondsthat |ead to confident retrieval from long-term memory
(Ashcraft, 1995; Baroody, 2003; Fox, 1995; Geary, 1994; Groen & Parkman,
1972). Based on this strategy-choice model (Siegler & Jenkins, 1989), children who
can accurately solve problemswith counting strategies are ableto engagein therepe-
titions required to strengthen the bonds of association. Instructional programs that

1 A fourth state, Indiana, has established afirst-grade standard more open to interpretation:
Students are called on to “ demonstrate mastery.”
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incorporate direct instruction and repeated practice to develop accurate and effi-
cient counting strategies embody this theory of learning.

Several researchers have focused attention on the developmental trajectory that
students tend to follow as they develop accurate and efficient counting strategies.
Carpenter and Moser (1984) observed five levels of basic-facts problem-solving
development in first through third graders: Level 0—students unable to solve any
addition or subtraction problems; Level 1— students using direct modeling strate-
gies (counting al and adding on with objects or fingers); Level 2—students using
both modeling and verbal/mental counting strategies; Level 3— students relying
primarily on verbal/mental counting strategies; Level 4—students using basic-
facts knowledge (including retrieval and derived facts) to solve addition and
subtraction problems. Carpenter and Moser suggested that most classroom instruc-
tion at that time did not support this developmental trajectory but instead jumped
“directly from the characterization of addition and subtraction through simple
physical models to the memorization of number facts without acknowledging that
thereisan extended period during which children count-on and count back to solve
addition and subtraction problems’ (Carpenter & Moser, 1984, p. 200).

More recent work (Baroody, 1999, 2003; Brownell, 1935; Fuson, 1992; Gray &
Tall, 1994) has suggested that children who solve problems based on their devel-
oping understanding of counting are likely to build their understanding of number
relationships and properties, and devel op part-whole, or derived-fact, strategiesthat
can behighly efficient in solving basic-fact problems (see Figure 1). These derived-
fact strategies have the added advantage of providing children with tools to solve
mental math problems with multidigit numbers.

Concerns have been raised, however, that children who take an instrumental
approach to counting to solve basic-fact problems are unlikely to develop thisrich
sense of numbers and tend to devel op agrowing reliance on counting over time. In
astudy of 72 English students, ages 7 through 12, Gray (1991) found aclear differ-
ence between the approaches that below-average and average/above-average
students® had developed to solve basic-fact problems they could not retrieve from
long-term memory. Typically, above-average students were found to use part-
whole, derived-fact “ short-cuts’ that enhanced their relational schemaof numbers.
Although not as quick to devel op these deductive reasoning strategies, studentsthat
teachers identified as average mathematical learners were also developing part-
whole, relational reasoning. The bel ow-average students, however, used counting
astheir primary fall-back method to solve problemsthey could not remember. Gray
found that these students did not progress from counting to more relational
approaches, and consequently,

the bitsthey do know do not appear to be held together, with the result that this change
in strategy may involve the child in long sequences of counting to arrive at solutions.
In one sense they make things more difficult for themselves and as a consequence
become less able. (pp. 569-570)

2 These designations were based on teacher identification prior to the start of student interviews.
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Addition Subtraction
Counting Direct modeling (counting Counting objects

objects and fingers) * Separating from

 Counting all * Separating to

» Counting on from first » Adding on

 Counting on from larger
Counting fingers

Counting abstractly  Counting down
 Counting all « Counting up
 Counting on from first

 Counting on from larger Counting abstractly

« Counting down
« Counting up

Reasoning  Properties Properties
ca+0=a *a-0=a
e a+ 1= next whole number » a— 1= previous whole number

« Commuitative property
Inverses/complement of known

Known-fact derivations addition facts (e.g., 12-5
(eg.,5+6=5+5+1; isknown because 5+ 7 =12)
7T+6=7+7-1)

Redistributed derived facts
Redistributed derived facts (eg.,12-5=(7+5)-5=
(eg.,7+5=7+(3+2) 7+(5-5=7)
=(7+3)+2=10+2=12)

Retrieval Retrieval from long-term memory Retrieval from long-term memory

Figure 1. Methodsfor solving basi c-fact problems (see Baroody & Codlick, 1998; Carpenter,
Fennema, Franke, Levi, & Empson, 1999; Fuson, 1992; Fuson & Kwon, 1992; Kulm,
1985).

Not only are students who continue to rely on counting potentially deprived of
opportunities to develop more robust number sense, they are also likely to face a
growing problem asthey tackle more complex mathematical problems. Research has
provided mounting evidence of the correlation between strong basic-facts fluency
and strong mathematics achievement (see, for example, Kilpatrick, Swafford, &
Findell, 2001). From an information processing perspective, thiscorrelation may be
explained by noting that studentswho use lessworking memory to calculatethe basic
facts have more working memory availableto apply those factsin more complex or
novel situations (Bjorklund, Muir-Broaddus, & Schneider, 1990).

Although some mathematics educators advocate a developmental approach to
basic-facts fluency, others (including the state of California) focus on an end
product of memorization. However, evidence from “expert” children and adultsindi-
catesthat successful arithmetic skills are often accomplished using a combination
of memory and strategy techniques (Baroody, 1999; Bisanz & LeFevre, 1990;
Campbell & Xue, 2001; Gray & Tall, 1994; Kilpatrick et a., 2001; LeFevre,
Smith-Chant, Hiscock, Daley, & Morris, 2003). These strategy techniques (derived
strategies) fall into at least two main categories (Fuson, 1992): (a) redistributed
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derived facts (for 7 + 5, achild might decompose 5 into 3 + 2, and then add 7 + 3
to get 10, and then add 2 onto the 10), and (b) known fact derivations (for 7 + 5, a
child might recall that 5+ 5 =10 and 2 more is 12).

Although Californiacited itsinterest in establishing world-class standards, it may
have misinterpreted the educational practices of high-performing countries (based
on results from TIMSS). Studies of educational practices in Korea, mainland
China, Taiwan, and Japan have found that students are not simply drilled on basic
facts using memorization-focused approaches. Instead, they are provided with
explicit and sustained instruction on redistributed derived-fact strategiesduring first
grade (Fuson & Kwon, 1992; Fuson, Stigler, & Bartsch, 1988):

1. Up-over-10, an addition strategy in which one addend is decomposed such that
one part will combine with the other addend to make 10, and the second part of
the decomposed addend is added ontothe 10 (e.g.,8 +7=8+2+5=10+5=
15).

2. Down-over-10, asubtraction strategy in which the subtrahend is decomposed so
that one of the two partsis the same as the amount over 10 in the minuend, and
then the other part of the decomposed subtrahend is subtracted from the 10 (e.g.,
15-7=15-(5+2)=(15-5)-2=10-2=38).

3. Take-from-10, asubtraction strategy in which the minuend is essentially decom-
posed into 10 and the remainder, the subtrahend, isthen subtracted from 10, and
finally the remainder of the decomposed minuend isadded to the difference (e.g.,
15-7=(5+10)-7=5+(10-7)=5+3=28).

Thus, it appears that children from several high-performing countries develop
strong memorized factsin first grade for sums up to 10, and then devel op acombi-
nation of memorized facts and recomposition strategies to solve sums and differ-
ences beyond ten (Peak, 1997). As Fuson and Kwon (1992) noted, even before
formal first-grade instruction, counting strategies accounted for only 19% of the
solutions for sums over 10.

Studies suggest that emphasizing strategic acquisition of basic facts has at |east
one key advantage over focusing on memorization: Students who learn to group
by 5s and 10s using composition/decomposition strategies (e.g.,, 5+8=5+[5+
3] =[5+5] +3=10+ 3=13) may bemorelikely to develop abase-10 understanding
of numbers and regrouping than studentswho rely on memory and counting strate-
gies (Cotter, 1996; Fuson, 1992; Miuraet al., 1994).

In addition to targeting memorization of all addition factsto 20, Californid sfirst-
grade standard also designatesthat samelevel of memorization for subtraction facts.
For policymakers, it may seem logical to assume that anyone who can memorize
the addition facts can just as easily memorize the subtraction facts. However,
research hasfound that children do not find the complementary rel ationship between
addition and subtraction obvious, particularly when their confidence with addition
factsis till evolving (Baroody, 1999; Hiebert & Wearne, 1992). Y oung children
also appear to have more difficulty learning their subtraction facts becausethey often
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have lessfacility counting down than they do counting up (Fuson, 1992). Without
special attention, subtraction facts may continue to be more difficult than addition
facts well into adulthood. LeFevre et al. (2003) found that competent adults used
retrieval from long-term memory for subtraction fact problems much lessfrequently
than for addition. In a study comparing Canadian and Chinese university students
(Campbell & Xue, 2001), non-Asian Canadian studentsreported using retrieval for
subtraction facts only 57% of the time (73% for smaller facts and 42% for larger
facts). Although the percentages of reported retrieval were higher for both Chinese
and Chinese-Canadian students (79% each), the retrieval rates for larger subtrac-
tion problems such as 13 — 5 and 13 — 8 were still relatively low (65% and 64%,
respectively). When compared with the reported retrieval rates for addition (76%,
92%, and 95%, respectively), the subtraction rates provide evidence that even
well-educated adults do not have equal mastery of the two operations.

With these issues in mind, this study sought to shed light on how first-grade
students are doing relative to California’' s accelerated mathematics standard.
Because state-mandated testing in Californiadoes not extend to first grade, littleis
known about the student achievement of these accelerated standards. Thus, thisstudy
focused on three key questions:

1.To what extent are Cdifornia's first-grade students achieving the basic-facts
standard?

2.What instructional strategies are related to student attainment of the standard?
3.How do variousinstructional decisionsinteract with student number sense?

Itisimportant to note that by the 2003—-2004 school year, teachersin this study had
had 4 yearsto transition to these higher basi c-facts expectationsand were al intheir
2nd or 3rd year of implementation of standards-aligned textbooks required by
California s Board of Education.

METHODS

Participants

To address the interrelated teaching and learning questions posed above, both
teachers and students were surveyed in this study. To capture potential differences
ininstruction influenced by variationsin school and district accountability systems
and district-mandated textbooks, teachers and students were sampled across nine
elementary siteslocated in four different school districtsin southern California.

The nine schools represent a variety of statewide performance ranks,®* student
demographics, and textbook usage. Based on demographic data from California’s
2003-2004 STAR data, the schools ranged from 3% to 94% economically disad-

3 Statewide performance rank indicates the decile that each school fallsinto based on California’s
Academic Performance Index (AP!). The API ranges from 200 to 1000, and is designed to measure
academic performance and progress at the school level.
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vantaged (M = 50%), 8% to 92% English language learners (M = 47%), and 1% to
87% White (M = 42%). Based on the 2003 API scores, three of the schoolswerein
the top decile of California elementary schools, two were from mid deciles (6 and
8), and three were from lower deciles (1, 2, and 3). The ninth school wasin its 1st
year of operation and did not have a 2003 API score. Although a district represen-
tative estimated that this new school might begin in the 8th decile, its first official
API (2004) wasinthe 10th decile. Thus, instead of having threelow-API, three mid-
API, and three high-API schoolsin thisstudy, thefinal ratiowasactually 3:2:4. The
nine schoolswere evenly divided in their use of three different state-approved text-
books (see Table 1): California Mathematics (Scott Foresman, 2001), Mathematics
(Houghton Mifflin, 2002), and McGraw-Hill Mathematics (McGraw-Hill, 2002).

Tablel
School and District Participation Data

Districtc A District B District C  District D

Number of schools 3 3 2 1
Deciles 3,6,10 2,10, 10 1,8 10
Number of studentsinterviewed 90 95 60 30
Textbook Scott Houghton McGraw-  McGraw-
Foresman Mifflin Hill Hill

urveyed and Salected Teachers. All first-grade teachersfrom the nine schoolswere
invited to complete surveysduring April and May of 2004. Of the 55 dligibleteachers,
49 (89%) completed the surveys. Of the 55 digible teachers, 52 el ected to administer
untimed addition and subtraction basi c-facts preteststo their studentsduring thefirst
6 weeks of the 2003-2004 school year. From these 52 teachers, 3 teachersper school
(Selected Teachers) were randomly chosen to provide students for assessments near
the end of the year. Because of teacher interest and student availability, one school
had four Selected Teachers, making atotal of 28 Selected Teachers.

Interviewed students. Stratified sampling techniqueswere used to select 275 first-
grade students from the nine school sites, who were interviewed during May and
early June of 2004. These students were selected using the following protocol:
Studentsfrom the Selected Teachers' classroomswere ranked according to the sums
of their scores on the basic-facts pretests. Starting with the second-lowest-scoring
child and skipping every other student until the top-scoring student had been
reached, 10 studentswere pre-identified to beinterviewed.* Theremaining students
were paired on theinterview listswith the student who wasthe next closest in score;
when a student was absent on the day of the scheduled interviews, the paired
student was then interviewed. In cases in which a classroom had fewer than 20

4 All of the schoolsin this study maintained first-grade classes of no more than 20 students each.
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students, random sel ection methods were used to complete the list of 10 pre-iden-
tified students.

In eight of the nine schools, three sets of 10 students were interviewed.® In the
ninth school (API rank = 10), due to teacher requests and student availability, two
setsof 10 students, one set of 8, and one set of 7 (from four Selected Teachers) were
interviewed, thus resulting in the number of students reported in Table 1. The
students, on average, were 6.65 years old (SD = 0.55), and 54% of the samplewas
girls. Forty-seven percent of the students reported speaking English as a second
language.®

Data Collection Instruments and Procedures

Threetypes of data collection instruments and procedures were used during this
study: teacher surveys, addition and subtraction basic-facts pretests, and one-on-
one assessment interview forms.

Teacher surveys. A 16-question teacher survey was personally administered to
al regular education teachers teaching first graders at the participating schools
during half-hour meetings at the school sitesin April and May of 2004. Forty-five
teachers compl eted the survey during these meetings; four teachers completed the
surveys after the teacher meetings. The surveys provided data for each of the
following variables:

1. Teacher experience

2. Teacher beliefs about various aspects of the basic-facts standard, as well asthe
first-grade place value standard

3. Levels of textbook and student workbook implementation, and implementation
levels of supplemental activities that focused on basic facts. A 10-point scale for
Textbook Reliance was used in correlational analyses and was based on teacher
responses to two questions: (a) What percentage of your mathematics lessons
generdly follow the lesson suggestions from the textbook? (b) What percentage
of the mathemati csworkbook pagesfrom your student textbook have you had your
studentsdo sofar (to thispoint intheyear)? On each question, teacherswho reported
0% to 20% scored 1 point, 21% to 40% scored 2 points, 41% to 60% scored 3 points,
61% to 80% scored 4 points, and 81% to 100% scored 5 points. In some analyses,
teachers who reported 80% to 100% on both questions were coded as having the
highest level of textbook reliance; al otherswere coded aslessreliant.

4. Number of instructional events per week or month designed to help studentslearn
the addition and subtraction facts, including pre-identified choices of (a) basic-
facts worksheets, (b) flash cards, (c) timed tests, (d) mathematics games, (€)

5 Parents of all studentswere notified viaan Information L etter sent home by the classroom teachers,
and were invited to contact the researcher or the classroom teacher to opt out of the interviews. One
parent chose to exercise this option.

6 Based on legal concerns, several schools declined to provide specific language proficiency levels.
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solving word problems, (f) songs, (g) mathematics manipulatives, (h) fact family
activities and worksheets, and optional fill-ins for “other.” Teachers were also
asked to identify their instructional focus for each type of instructional event as
(a) devel oping noncounting strategiesto find answers (e.g., making 10s, doubles
plus 1), (b) getting the right answer (primarily by helping them develop quick
and accurate counting strategies), and (c) memorizing thefacts. Explanationsfor
these three instructional foci were provided at the time the surveys were admin-
istered, and the surveyed teachers verbally indicated that they understood the
distinctions among the three foci.

Basic-facts pretests. All first-grade students (with the exception of approxi-
meately 60 students from the classrooms of the three nonparticipating teachers) were
pretested on both their addition and subtraction facts during the first 6 weeks of
school. Each test contained 36 items selected from2 + 2t0 9+ 9and 18—9to 4 —
2, and was administered in an untimed environment. In all cases, the first author
completed the scoring of the tests.

Mathematicsinterview assessments. During May and early June 2004, the 275 pre-
identified students were asked to solve, and provide information about how they
solved, 10 addition and 8 subtraction basic-fact problems (see Figures 2 and 3).”
Studentswere asked each problem verbally, and a so were able to read each problem
from an assessment booklet that presented each problem on its own page in an
invariant order, working first with haf of the addition problems, then half of the
subtraction, followed by the remaining half of the addition and then the last half of
the subtraction problems. In most cases, students solved all basic-fact problems
without access to manipulatives. In afew cases, students asked for manipulatives
or number lines, and they were provided.

After answering each problem, students were asked to self-report on the method
they used to solve the problem: (@) variations on counting, (b) derived-fact strate-
gies, or () retrieval from long-term memory. In cases where students were clearly
counting with fingers or counting verbally, this was coded without querying the
students. In all other cases, the student was asked, “How did you get that?’” Typical
responsesincluded “1 just knew it”; “1 counted in my head”; and “1 knew 5 + 5was
10,04 +5is9.” If astudent gave avery quick answer but reported a nonmemory
method or took extended time before answering but reported amemory method, the
interviewer asked a gentle follow-up probe. In al cases, the students’ self-reports
were accepted and coded after these probes.

7 Facts were sel ected based on the following criteria: (a) plus/minus 0 and 1 facts were not included
because first-grade students in a pilot study were generally unable to determine whether they solved
these problems using retrieval from long-term memory or using arule-based strategy; (b) factsthat are
designated by the California Math Standards for memorization during kindergarten were not selected
for thisfirst-grade assessment; (c) two addition facts each were selected for under-10 combinations, 10
combinations, and doubles, and four additional over-10 addition factsincluded two plus-8sand two plus-
9s; and (d) eight subtraction factsincluded one each fromthe 8, 9, 10, 11, 12, 13, 14, and 15-minusfacts,
including one double that was the inverse of the 7 + 7 fact included in the addition items.
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Figure 2. Distribution of assessed addition basic facts. Each assessed fact ismarked with an
X, facts targeted for memorization in kindergarten are marked with a K, and duplicate or
out-of-range facts are shaded. All problems were posed with larger addend last.
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Figure 3. Distribution of assessed subtraction basic facts (read across, then down). Each
assessed fact is marked with an X, facts targeted for memorization in kindergarten are
marked with aK, and duplicate or out-of-range facts are shaded.

Thisstudy was designed to assess student strategiesfor solving basic-fact problems
based on self-reports, which have been shown to discriminate among retrieval,
counting, and derived-fact strategies more reliably than the alternative method of
timing students’ responses and making i nferences based on the speed with which they
answer various problems (Hopkins & Lawson, 2002; LeFevreet a., 2003; Siegler &
Jenkins, 1989). It isimportant to note, though, that some students made attemptsto
hidetheir use of finger counting. It isalso possible that some students may have used
derived-fact strategiesbut felt uncomfortable or unableto verbally describe them and
would have defaulted to “I just knew it,” which would then have been coded as
retrieval. These factors suggest that self-reports of retrieval arelikely to be inflated.

Four credentialed teachers not connected with any of the participating schools
conducted the interviews, which generally lasted between 12 and 20 minutes.
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Discussions were held after each set of interviews to clarify any coding questions.
Responseswere coded by theinterviewersin two different ways: (a) accuracy of the
response, and (b) solution method observed by the interviewer and/or reported by
the student.

In addition to the 18 addition and subtraction problems, students were al so asked
7 questions designed to assess their number sense: 3 word problems (Figure 4) and
2 related pairs of place-value questions (Figure 5). Coding again consisted of
recording whether the answer was correct aswell asstudents' salf-reports about their

Word problem Problem type
Mariahas 7 dollars. She wants to buy a book that costs Join/change unknown
11 dollars. How much more money does she need? 7+7=11
Pete has 14 pencils. Six of his pencils are red, and the Part-whole/part unknown
rest are blue. How many blue pencils does Pete have? 6+7=14
There were 24 children on the playground. Ten more Join/result-unknown
children came out to play. How many children were on 24+10="
the playground then?

Figure 4. Mathematics assessment: word problems.

Directionsfor PV1 and PV2: Put out 3 bundles and 5 sticks, with bundles and sticks
mixed spatially. Show the child that there are 10 sticks in each bundle. Count together
the sticksin one of the bundles and assure the child that there are 10 sticksin each bundle.

PV1: HOW MANY STICKS ARE THERE ALTOGETHER? (Indicate the entire
collection of sticks.)

PV 2: If the child miscounts the set, count with him/her (by 1 if necessary to show that
there are 35). Then cover the 35 and put out 2 more bundles. Tell the child that there
are 10in each bundle. WE HAVE 35 UNDER HERE, AND NOW | HAVE PUT OUT
THESE. HOW MANY ARE THERE ALTOGETHER? (Move your hand over al the
sticks including the covered sticks.) Repeat that there are 35 under the cover if neces-

sary.

PV3: Show thechild thecard with four setsof 10dots @O 000 0000 O

and 2 moredots. Besurethechildknowsthateacchset @O0 0O 0000 O

of dots has 10 dots. HOW MANY DOTS ARE

THERE ALTOGETHER? ::::: :::::
o0

PV4: Cover up one group of 10 dots. IF I COVER

UP ONE GROUP OF 10, NOW HOW MANY
DOTSCAN YOU SEE?

Figure5. Mathematics assessment: place-val ue questions. Uppercase wordsindicate scripted
interview questions.
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methods of solving the problems (e.g., for Place VValue Question 1, counting by 1s,
counting by 10s, knowing that three 10sis 30 and 5 is 35).

These seven questionswere combined to form a 7-point Number Sense Proficiency
scale, which demonstrated acceptabl e psychometric qualities based on ascaereli-
ability analysis, a =.72. Each word problem that astudent answered correctly, using
any solution method, added 1 point to the scale score. Place-value problems were
scored O if students used counting by 1sor 10s; they were scored 1 if students said
they “just knew it” or gave an explanation that indicated they had used the number
of groups of 10 to directly determine the number in the 10s place.

RESULTS
Sudent Attainment of Basic-facts Fluency

More than two thirds of the assessed first-grade students in these nine diverse
schoolswere still using counting astheir primary method of solving the 18 basic-
fact problemswith just afew weeksleft in the school year (see Table 2). Students
reported using retrieval from long-term memory (Basic Facts Retrieval) to solve
a median of 22.22% of the addition and subtraction facts (M = 31.25, SD =
25.88).2 These low results are particularly striking because students from high-
performing school s were overrepresented, and the data collection protocol sfavored
an overreporting of retrieval. Even extending the definition of Basic Facts
Competenceto include derived-fact strategiesaswell asretrieval, the median rose
only slightly to 33.33% (M = 37.33, SD = 29.45).

Table2
Performance Bands Summary: Retrieval and Basic Facts Competence
: Performance bands
'\fﬂaitd;asrér\/fe%f (% of 275 students performing at or above)
using retrieval Moderate: 50%  Adequate: 80% Mastery: 100%
(retrieval + or moreretrieval  or more retrieval retrieval

Student derived-fact (retrieval + (retrieval + (retrieval +
outcome strategies derived-fact derived-fact derived-fact
measure median) strategies) strategies) strategies)
Addition 30.00% 33.5% 12.0% 2.9%
facts (40.00%) (45.0%) (21.4%) (8.7%)
(n=10)
Subtraction 12.50% 21.8% 7.6% 3.6%
facts(n=8) (12.50%) (27.3%) (9.5%) (5.1%)
Addition and 22.22% 25.5% 6.9% 2.2%
subtraction (33.33%) (32.7%) (12.8%) (4.4%)
(n=18)

Note. These performance bands are overlapping rather than additive.

8 Because student achievement data are not normally distributed, medians are reported as measures
that are lessinfluenced by skewed data.
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Although such weak attainment of basic-facts fluency near the end of first
grade has been reported previously, these results are noteworthy. Even when
students in the highest-performing schools are considered separately, 53% relied
on counting to solve at least half of the basic-fact problems. Among this group of
students, Basi c-Facts Competence was only marginally higher than for all students.
The median for problems solved using either retrieval or derived-fact strategies
was 38.89% (M = 45.24, SD = 30.78).

Even though the state of Californiahas set the samefirst-grade basic-facts stan-
dard for both addition and subtraction, student achievement of the standard was
markedly weaker for subtraction than for addition (Subtraction: Mdn = 12.50%,
M = 16.55, SD = 23.28; Addition: Mdn = 30.00%, M = 35.93, SD = 28.12). The
difference becomes even more pronounced when derived-fact strategies are
included with retrieval to measure Basic-facts Competence (Subtraction: Mdn =
12.50%, M = 28.64, SD = 31.14; Addition: Mdn =40.00%, M = 44.29, SD = 31.13).

Basic-Facts Item Analysis

With the exception of the doubles facts, students demonstrated a consistent
pattern of higher retrieval of lower-sum facts than of higher-sum facts (Tables 3
and 4). When the percentages of students solving each fact by retrieval or derived-
fact strategies are combined, two changes in relative ranking stand out. First,
students used retrieval and derived-facts strategies least with 4 + 6, indicating that
more students counted to solve this 10 fact than any other, including the +8 and +9
facts; second, students needed to count more frequently with 7 + 8 than with 8 + 9
despiteits smaller sum.

Table3
Ranking of Addition Basic Facts: Retrieval and Derived-Fact Srategies
Sum of
Retrieval: Derived-fact strategies: accurate
percentage of percentage retrieval and
students solving of students solving accurate
derived-fact
Correctly  Incorrectly  Correctly  Incorrectly strategies
Facts (rank) (rank)
6+6 74.2% (1) 2.2% 8.4% (5) 0.4% 82.6% (1)
7+7 50.5% (2) 2.5% 8.7% (4) 2.2% 59.2% (2)
4+5 49.5% (3) 1.1% 8.4% (5) 0.7% 57.9% (3)
2+6 43.6% (4) 1.1% 2.9% (8) 0.0% 46.5% (4)
3+7 37.1% (5) 2.2% 2.5% (9) 0.0% 39.6% (5)
3+8 30.5% (6) 1.5% 6.2% (6) 0.0% 36.7% (6)
4+6 18.7% (7) 1.5% 5.8% (7) 0.0% 24.5% (10)
5+9 16.4% (8) 2.5% 15.6% (1) 0.7% 32.0% (7)
7+8 15.3% (9) 2.2% 10.2% (3) 1.1% 25.5% (9)

8+9 13.8%(10) 2.9%  153%(2)  2.2% 29.1% (8)
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Table4
Ranking of Subtraction Basic Facts: Retrieval and Derived-Fact Srategies
Sum of
Retrieval: Derived-fact strategies: accurate
percentage of percentage retrieval and
students solving of students solving accurate
derived-fact
Correctly  Incorrectly  Correctly  Incorrectly strategies
Facts (rank) (rank) (rank)
10-2 45.8% (1) 1.8% 1.5% (5) 0.0% 47.3% (1)
8-5 37.5% (2) 0.4% 1.5% (5) 0.0% 39.0% (3)
14-7 37.5% (2) 0.4% 2.2% (4) 1.1% 39.7% (2)
9-7 20.8% (3) 1.8% 0.7% (6) 0.4% 21.5% (6)
11-6 20.3% (4) 1.5% 6.6% (1) 1.1% 26.9% (4)
13-4 16.1% (5) 1.8% 6.6% (1) 1.1% 22.7% (5)
12-8 13.6% (6) 1.1% 2.9% (3) 0.0% 16.5% (8)
15-9 12.9% (7) 3.7% 3.7% (2) 2.2% 16.6% (7)

Textbooks, Teaching, and Student Achievement

Using teacher survey datain combination with student achievement data, several
relationshi ps among textbook reliance, instructional practices, and student achieve-
ment have been identified. These findings raise important questions about the
alignment of state-adopted instructional materialswith state standards and al so about
the instructional events and approaches that teachers choose to enhance state-
mandated materials.

Textbook reliance. In an effort to improve students' educational outcomes in
mathematics, the state of Californiaover the past few years has structured district-
level incentives and penalties to ensure that all students have access to current
state-approved textbooks. Professional devel opment resources have been heavily
channel ed into workshops focused on effective use of these textbooks. State-level
policymakers appear to have been operating under the assumption that high text-
book reliance will lead to effective instruction and proficient levels of student
achievement.

Theresultsof thisstudy do not confirm this assumption: Of the sampled students,
43% were taught by teachers who reported the highest level of textbook reliance
(81% to 100% of mathematics lessons following textbook recommendations and
assigning students 81% to 100% of textbook workbook pages). For these students,
themedian retrieval score on the combined basic factswas 16.67% (M = 25.66, SD
= 22.28). The median basic-facts competence score (retrieval and derived-fact
strategies) was 22.22% (M = 30.23, D = 25.06). These statisticsalone demonstrate
that for these students, at least, the state-approved textbook programswere not effec-
tive in helping them meet the basic-facts standard.
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Students experiencing lower levels of textbook reliance actually made better
progress toward the standard than students experiencing the highest level of text-
book reliance (see Table5). Acrossall three performancelevels, more studentswere
successful when their teachersrelied less heavily on the state-approved textbooks
(for retrieval, r = —.14, p < .05; for retrieval plus derived strategies, r =15, p =
.01). Higher textbook reliance actually demonstrated a positive correlation with
student use of counting to solve basic-facts problems (r = .14, p < .05).

Table5
Retrieval [and Fluency] Performance Bands by Textbook Reliance

Performance levels (% of students performing at or above)

Moderate (50% Adequate (80% Mastery
Textbook reliance or moreretrieval)  or moreretrieval) (100% retrieval)
Highest? 18.6 1.7 0.8
[22.9] [5.9] [0.8]
LowerP 30.6 10.8 32
[40.1] [17.8] [7.0]

Note. Vaues in brackets include both retrieval and derived-fact strategies; those above the brackets
include only retrieval from long-term memory. Retrieval is based on retrieval of all 18 addition and
subtraction basic-fact problems. These performance bands are overlapping rather than additive.
343% of the sampled students experienced the highest level of textbook reliance.
b579 of the sampled students experienced lower levels of textbook reliance.

Instructional events. With only one exception, the 28 Selected Teachersin this
study reported using mathematical resources supplementary to the state-adopted
instructional materials either occasionally (14) or frequently (13). When asked to
quantify the average number of times per week they had used various basi c-fact-
related instructional activities since January, the Selected Teachers indicated an
average of 15 additional activities each week (SD = 5.06, Mdn = 14.50). Many of
the Selected Teachers, although not all, repeated their responsesfor subtraction, and
often commented that they incorporated both addition and subtraction in the same
instructional activities.

Although one might assume that teachersincorporated additiona instructional
eventsinto the mathematics curriculum in order to hel p students achieve the state
standard, that goal did not materialize in this study. No statistically significant
correlations were found for the total number of instructional events that teachers
reported and basic-fact retrieval (r = .10, p=.10for addition; r = .09, p = .13 for
subtraction). If the intent was, on the other hand, to help students develop basic-
facts competence from a broader perspective of retrieval and derived-fact strate-
gies, the total number of instructional events was significantly correlated with
student achievement (r = .19, p< .01 for addition; r = .18, p < .01 for subtraction).

Throughout this study, teachers specifically asked for information about which
types of instructional strategies were more effective in helping students reach
Cdlifornia’ sfirst-grade basic-facts standard. For many, the question was whether



168 First-Grade Basic Facts

to emphasize worksheets, flash cards, and timed tests, or whether to invest more
time in hands-on activities, games, solving word problems,® and other types of
activities. Only one statistically significant positive correl ation was found between
the use of specific instructional activities and Addition Facts Retrieval, and that
was the use of basic-facts worksheets (r = .16, p < .01).*° The correlation for
Addition Facts Competence was slightly higher (r =.20, p <.01).

At least two of the participating schools instituted daily timed tests during the
study year and are representative of teachers and schools looking for better ways
to help their students meet the basi c-facts standard. A stepwise regression looking
at the contributions of students’ pretest scores and the instructional contributions
of basic-facts worksheets, flash cards, and timed tests, confirms the positive,
albeit dight, predictive value, of worksheets on predicting Addition Facts Retrieval
(see Table 6). Flash card use during school hours was not found to be predictive
of student memorization of the addition facts, and increased use of timed tests nega-
tively predicted student memorization. It isnot surprising that the largest predictor
of Addition Facts Retrieval was student pretest scores.

Table 6
Linear Regression Coefficients: Percent Addition Facts Retrieval Regressed on Pretests,
Basic-Facts Worksheets, Flash Cards, and Timed Tests

Unstandardized Standardized 95% confidence
coefficients coefficients 't Sig.  interva for 8
R? Std. Lower Upper
change B error B bound bound
(Constant) — 15.14 343 — 442 00 840 21.89
Pretests A5 .57 .08 40 727 .00 42 73
Basic-facts .02 3.60 1.05 22 344 00 154 5.67
worksheets
Timedtests .02 —2.37 1.06 =14 223 03 -446 -28

Note. Model 3 was used, F(3, 271) = 20.88, p<.01; R2=.18.

For Addition Facts Competence, similar results were obtained. However, the
regression estimate for worksheets was dlightly higher (see Table 7). As with
Addition Facts Retrieval, timed tests were found to negatively predict Basic-Facts
Competence, and the greatest predictor was student pretest scores.

9 None of the teachers reported in this study indicated a use of word-problem-based instruction, such
asthat found in classroomstaught by teachersinvolved in Cognitively Guided Instruction (CGl) profes-
sional development. Some CGl studies have reported improved recall of number factsfor students expe-
riencing this type of problem-based instruction relative to students receiving more traditional instruc-
tion (Carpenter, Fennema, Franke, Levi, & Empson, 2000).

10 A similar analysisfor subtraction is not included herein for two major reasons: (1) thereislessvari-
ance in the subtraction scores than in addition, and (2) many teachers were unable to distinguish
instructional activities for addition and subtraction.
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Table7
Linear Regression Coefficients: Percent Addition Facts Competence Regressed on Pretests,
Basic-Facts Worksheets, Flash Cards, and Timed Tests

Un- Standard- 95%
standardized ized co- confidence
coefficients efficients t Sig. interval for 8
R? Std. Lower Upper
Model change B error B bound bound
3 (Constant) — 14.20 348 — 408 .00 7.35 21.05
Pretests 27 .84 .08 53 1043 .00 .68 .99
Basic-facts .03 4.75 1.07 .26 446 .00 265 6.84

worksheets

Timedtests .02 —2.92 1.08 -16 271 01 -504 -80

Note. Model 3 was used, F(3, 271) = 41.81, p < .01; R2= .32.

Although many teachers have relied on flash cards and timed tests to help
studentslearn their basic facts, this study does not confirm the effectiveness of these
strategies. Even though the datademonstrate arelatively small correlation between
basi c-fact worksheet use and retrieval, the strength of this association suggeststhat
reliance on thisinstructional practicedid not dramatically contribute to student basic-
fact retrieval or fluency.

Instructional goals. Neither textbook reliance nor the incorporation of addi-
tional instructional events related to strong student achievement of the basic-facts
standard in this study. Even when teachers said they were using the same types of
instructional activity, it did not always follow that they implemented them in the
same ways. Students experiences and learning outcomes may be very different,
depending inlarge part on their teachers’ instructional goals. Teachersin this study
attributed different learning goal sto the same activities: (a) helping students get the
correct answer, (b) helping studentslearn how to solve problems using derived-fact
strategies, and (c) helping students memorize their facts.

From the stepwise linear regressions that include pretest scores and the total
number of instructional eventsfocused on three different learning goals, it appears
that many instructional eventsfocused on memorization may not be hitting the mark
intended by theteachers. Over the course of any given week, teachersreported many
instructional events focused on the three goals (see Table 8). Memory-focused
instructional eventsdid not significantly predict memorization of addition facts (8
=.01, t(274) = .25, p = .80). In fact, alinear regression including pretests and all
three categories of instructional eventsidentified students' pretest scoresastheonly
significant predictor of memorization (8 = .39, t(274) = 6.98, p < .01, R? = .15,
F(1, 273) = 48.67, p < .01).

The events teachers reported that focused on memorization did, however,
dlightly predict decreasesin students’ use of counting (8 = —.11, R2 change = .01
out of an R2 = .18 for themodel, p < .05; F(2, 272) = 30.13, p < .01 for the model).
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Table8
Average Number of Basic Facts Instructional Events Per Week by Instructional Goal:
Selected Teachers (n = 28)

Addition Subtraction
Instructional goal Mean (SD) Median Mean (SD) Median
Memorization 3.45(3.47) 175 3.21(3.25) 125
Developing strategies for finding 7.88 (5.21) 7.00 7.43 (5.25) 7.00
the answers
Getting the answer right 3.61(2.92) 3.50 4.00 (3.40) 3.75

Instructional events focused on memorization (8 = .27, R? change = .05 out of an
R2 = .19 for the model, p < .01; F(3, 271) = 21.98, p < .01 for the model) and on
developing strategies (8 = .26, R2 change = .06 out of an R2 = .19 for the model,
p <.01; F(3, 271) = 21.98, p < .01 for the model) were equally predictive of
increases in students' use of derived-fact strategies.

Under-10 Facts, Doubles, 10-Facts

Many of the students surveyed in this study indicated that their teachers empha-
sized memorization of addition doubles. Several teachersreported their belief that
memorizing the doubles facts is an important prerequisite to memorizing or
deriving the other facts. Even though doubleswere the most frequently memorized
facts (6 + 6 at 74.2% and 7 + 7 at 50.5%), they were not the primary predictor of
memorization of the more difficult over-10 addition facts. A stepwise linear
regression (Tables 9 and 10) identified the contributions of memorization of
doubles (6 + 6 and 7 + 7), 10-facts (3 + 7, 4 + 6), and under-10 facts (2 + 6, 4 +
5) to the memorization of the four over-10 facts that were not doubles (3+ 8, 7 +
8,5+ 9, 8+ 9). The two 10-facts contributed the largest R? of .36, with much
smaller contributions from the under-10 facts and doubles facts. Thus, it would
appear that memorization of doubleswas|ess contributory to memorizing the more
difficult combinations than the 10-fact couplets.

Table9
Linear Regression Model Summary: 10-Facts, Under-10 Facts, and Doubles Facts as
Predictors of Over-10 Facts

Std. error Change statistics
of the Sig. F
Model R R2  Adjusted R? estimate R2change Fchange dfl df2 change
12 .60 .36 .36 .92 .36 15634 1 273 .00
2b 64 4 41 .88 .05 2157 1 272 .00
3cd .66 43 43 .87 .02 11.14 1 271 .00

3Predictors: (Constant), 10-facts

bPredictors: (Constant), 10-facts, under-10 facts

CPredictors: (Constant), 10-facts, under-10 facts, doubles facts
dModel 3: F(3, 271) = 69.30, p< .01
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Table 10
Linear Regression Coefficients: 10-Facts, Under-10 Facts, and Doubles FactsasPredictors
of Over-10 Facts

Unstand- Stand-
ardized co- ardized co- 95% confidence
efficients efficients t Sig. interval for B
Std. Lower Upper
Model B error B bound bound
32 (Constant) -22 .10 — 213 .03 -43 -.02
10-facts .57 .08 40 6.98 .00 A1 .73
Under-10 31 .08 22 3.89 .00 .16 A7
facts
Doubles .25 .08 A7 334 .00 .10 40
facts

3Dependent variable: over-10 facts

I nter actions Between Basic Facts, Place Value, and Word Problems

Concerns about California’s singular emphasis on memorization of the first-
grade basic-facts standard seem to stemin large part from abelief that mathematical
proficiency requires much more than memorization. Too often, mathematics
educators hear adults telling stories of feeling hopelessly lost in mathematics
because they had come to see mathematics as adiscipline that must be memorized,
rather than understood. Some researchers have hypothesized that the ways in
which students are taught the basi ¢ facts may impact the waysthat students under-
stand place value and their ability to solve problemsin context. For instance, if
students are taught to memorize their factswith little emphasis on conceptual under-
standing of the operations themselves, then those students might also be weaker
in strategic competence and adaptive reasoning;* thisweakness might be evidenced
as a difficulty solving problems in context (Carpenter, Ansell, & Levi, 2001,
Carpenter & Lehrer, 1999). It has also been hypothesized that students who only
know how to solve problems by counting or memorization may not develop
groups-of-10 understanding as effectively as studentswho havelearned to use 10-
based derived-fact strategies (Cotter, 1996, 2002).

In order to examine the possible impact of amemorization-focused standard on
other important aspects of first-grade mathematical development, students were
asked to solve seven questions beyond the 18 basic-fact questions (recall Figures
4 and 5). Twenty percent of the students were unableto correctly solve any of the
three word problems, 54% solved one or two correctly, and 26% solved all three
correctly. Although 84% of the students showed evidence of groups-of-10 under-

11 Kilpatrick et al. (2001) described five strands that are all seen as essential for mathematical profi-
ciency: conceptua understanding, procedural fluency, strategic competence, adaptive reasoning, and
productive disposition. According to this theory, if one or more of the five strands are neglected, then
mathematical proficiency will be compromised.
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standing on at | east one of the four place-value problemsby either counting by 10s
or using place-value understanding, only 27% of the first graders demonstrated a
robust conceptualization of place value on 50% or more of the groups-of-10 ques-
tions. Based on a 7-point scale, students averaged 2.5 (SD = 1.88; Mdn = 2.00).

Textbook reliance and Number Sense Proficiency. Although the state of
California has banked heavily on state-adopted textbooks as a way to improve
mathematics teaching and learning, the results for Number Sense Proficiency
again call into question this assumption. When analyzed across all 275 students,
asignificant negative correlation isfound between textbook reliance and Number
Sense Proficiency (r = —.13, p <.05). Mirroring the results for textbook reliance
correlated with Basic-Facts Retrieval and Basic-Facts Competence, this finding
serves as a second indicator that the state-adopted textbooks used by the schools
in this study may not be providing the type of effective instructional support that
the state desires.

Instructional goals and Number Sense Proficiency. The results focused on
Number Sense Proficiency in relation to instructional events beyond the textbook
also seem to suggest that teachers who design their instructional programs to
emphasize correct answers, hoping perhaps that repeated practice will lead to
memorization of basic facts, may be reducing their students’ opportunities to
develop proficiency with other important aspects of the first-grade mathematics
curriculum. For example, instructional eventsfocused on getting the answer right
(primarily by counting) are negatively correlated with Number Sense Proficiency
(r =-.16, p<.01), whereasinstructional eventsfocused on derived-fact strategies
arepositively correlated with Number Sense Proficiency (r =.19, p<.01). A step-
wise multiple regression also confirmed that frequency of instructional events
focused on derived-fact strategies was a significant predictor of Number Sense
Proficiency (Tables 11 and 12).2

Basic-facts solution methods and Number Sense Proficiency. From the student
achievement perspective, correlational analysis aso confirms that both facts
retrieved from long-term memory and facts solved using derived-fact strategies
correlated with higher achievement on the Number Sense Proficiency construct
(retrieval: r =.47, p<.01; derived-fact strategies: r = .34, p<.01). By far thelargest
correlation, though, reflects the synergistic effect between memorization and
derived-fact strategies: the correlation between the percentage of al addition and
subtraction facts solved by retrieval or derived-fact strategies and Number Sense
Proficiency wasr = .58, p < .01. Thisfinding provides support for the argument
that studentswho learn to use derived-fact strategiesin concert with memorization
aremorelikely to develop mathematical proficiency than those students who have
memorized the facts without supplementary strategies.

12 | nstructional events focused on memorization did not have significant correlations with students
use of retrieval to solve basic-fact problems or Number Sense Proficiency. A small predictive valuefor
Number Sense Proficiency wasfound (8 = .11, RZ change = .01, p < .05).
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Table11

Linear Regression Model Summary: Pretests, Instructional Events That Are Memorization-
Focused, Srategy-Focused, and Correct-Answer-Focused as Predictorsfor Sudent Number
Sense Proficiency

Change statistics

Adjusted Std. error of Sig. F
Modd R R? R2 theestimate R2change F change dfl df2 change

12 45 .20 .20 24.12 .20 6750 1 273 .000
20 47 22 .22 23.82 .02 7.94 1 272 .005
3cd 43 23 .22 23.69 .01 4.05 1 271 .045

3Predictors: (Constant), pretests

bPredictors: (Constant), pretests, instructional events focused on derived-fact strategies

CPredictors: (Constant), pretests, instructional eventsfocused on derived-fact strategies and focused on
memorization

dModel 3: F(3, 271) = 27.36,p< .01

Table 12

Linear Regression Coefficients: Pretests, Instructional Events That Were Memorization-
Focused, Srategy-Focused, and Correct-Answer-Focused as Predictorsfor Sudent Number
Sense Proficiency

Unstand- Stand-
ardized co- ardized co- 95% confidence
efficients efficients t Sig. interval for 3
Std. Lower Upper
Model B error B bound bound
32 (Constant) 9.00 3.66 2.46 014 180 16.20
Pretests .57 .07 42 7.77 .000 42 71
|Es focused
on strategies 91 .28 .18 321 .002 .35 1.47
|Es focused .87 43 A1 2.01 .045 .02 1.72
on memo-
rization

3Dependent variable: Number Sense Proficiency

Students who relied more heavily on counting to solve the 18 basic-fact prob-
lems, however, trended lower on Number Sense Proficiency (r = —48, p < .01).
Theseresults seem to coincide with thoserelated to instructional strategies. Higher
levelsof counting-focused instruction and higher reliance on counting to solve basic-
fact problems did not seem to support Number Sense Proficiency, whereas higher
levels of instruction focused on derived-fact strategies and higher use of memo-
rization and derived-fact strategiesto solve basic-fact problemswere connected with
enhanced Number Sense Proficiency.

Results Summary

Despite diligent instruction on the part of their teachers, barely 26% of the 275
students assessed in this study demonstrated retrieval of 50% or more of 10 addi-
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tion and 8 subtraction basic facts. More than 80% of theway through thefirst grade,
only 6.9% of the students demonstrated adequate progress on California’s basic-
facts standard by retrieving at least 80% of the facts. Even for students attending
schoolsranked academically by the statein the top 10%, achievement wasfar from
proficient: only 10.4% retrieved at least 80% of the basic facts (M = 36.71%, SD
= 27.41%, Mdn = 33.33%).

Even though neither addition nor subtraction factsretrieval were strong, subtrac-
tion was substantially weaker than addition. When accounting for both retrieval and
derived-fact strategies, the difference was even more pronounced, with the median
for addition morethan threetimesthat of subtraction (40.00% compared to 12.50%).

Teacher-reported textbook reliance was negatively correlated with student
achievement of the standard (r = —14, p < .05). Instead of correlating with a
measure of the memorization standard, textbook reliance was positively correlated
instead wth the use of counting to solve problems (r = .14, p < .05).

Teachers also reported implementing approximately 15 additional instruc-
tional activities each week, above and beyond the textbook, to help studentslearn
their basic facts. On average, though, only 1 of these 15 events was reported by
teachersto actually focus on memorization of the facts. Although the total number
of instructional events did not demonstrate a statistically significant correlation
with basic-fact retrieval, it did correlate positively with combined retrieval and
use of derived-fact strategies (r = .19, p < .01 for addition; r = .18, p < .01 for
subtraction).

In fact, teachers reported focusing an average of 8.34 instructional events each
week (out of 15) on helping studentslearn how to use derived-fact strategies. Even
with thisreported focus on derived facts, though, students demonstrated limited use
of these types of strategies (M = 8.36%, SD = 17.13 for addition; M = 3.23%, D
= 8.89 for subtraction). For instance, despite relatively strong doubles retrieval
(74.2% for 6 + 6 and 50.5% for 7 + 7), just 55 of the 275 students used a doubles
strategy on even one problem. Student use of making-10 strategies was even less
frequent: Only 42 students reported any use of a 10s strategy.

Although many teachers reported emphasi zing doubles memorization and doubles
strategies, these did not prove to be strong predictors of retrieval of over-10 basic
facts(e.g., 5+ 60r 7+ 8). Instead, retrieval of 10-factswasamuch stronger predictor
(R? = .36 for 10-facts and R? = .05 for doubles facts out of atotal R of .43 for the
model).

A number of teachersal so reported using timed tests as an important part of their
basic factsinstructional programs. Instead of demonstrating apositive relationship,
timed tests were actually identified as a dlightly negative predictor of basic-fact
retrieval (8= —.14, R? change = .02 out of an R2 = .19 for the model, p < .05).

Asmathematics educators, publishers, and policymakerswork to refine or revise
the basic-facts standard and the instructional materials designed to help students
learn their facts, two instructional interactionsthat were found in this study should
be considered. First, instruction that focused more heavily on helping students get
correct answerswas negatively correlated with student achievement on place value
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and word-problem skills (r =—.16, p <.01). Thisis supported by a negative corre-
lation between students who relied more heavily on counting to solve basic-fact
problems and Number Sense Proficiency (r = —.35 for addition and r = —.24 for
subtraction, p < .01). Second, student use of derived-fact strategiesin conjunction
with retrieval from long-term memory demonstrated a stronger correlation with
Number Sense Proficiency (r = .58, p <.01) than student use of retrieval aone (r
= .47,p<.01).

DISCUSSION

This study provides evidence that amgjority of California sfirst-grade students
may be far from achieving the first stage of California s plan to accelerate mathe-
matics learning. Five years after the adoption of accelerated standards, only 6.9%
of the 275 studentsfrom nine diverse el ementary schoolswere able to demonstrate
alevel of achievement on California s basic-facts memorization standard consis-
tent with their progressthrough first grade (80% retrieval from long-term memory
on average 83% of the way through the school year). Even with a broader inter-
pretation of basic-facts fluency that includes problems solved using derived-fact
strategies aswell asretrieval from long-term memory, only 12.7% of the sampled
studentswere at 80% or better achievement of the 10 addition and 8 subtraction fact
problems.

With only 32% of the students demonstrating Basic Facts Competence on even
half of thefacts, it seemsclear that amajority of the sampled studentsare not finished
with this foundational standard. Without a coherent and sustained focus on addi-
tion and subtraction facts fluency during second grade, it seems likely that many
of these students will not attain the automaticity that is believed to support more
complex mathematical work in later grades. Y et California has no second-grade
addition and subtraction basic-facts standard that would provide publishers and
teacherswith clear directionsfor acontinuing focus on addition and subtraction basic
facts.

Theweak achievement datafound in this study callsinto question the feasibility
of accelerating basic-facts learning. This plan is even more suspect when the data
from students at the top decile school s are analyzed separately. Only 10.4% of these
studentswere at 80% or better retrieval of thefacts, and just 20.0% were at thislevel
when derived-act strategies were included in the construct of Basic Facts
Competence. With these numbers, it could be argued that the accel erated standard
isunrealistic and inappropriate.

Y et international research demonstratesthat first-grade studentsfrom some parts
of theworld seem able to achieve fluency with the addition basic facts, at the very
least. Even though differencesin language and educational expectations have been
identified that may explain some of the basic fact learning differences between
students in these countries and the United States, the findings from this study
suggest that Cdifornia srecommended first-grade curricula, embodied in traditional,
state-approved instructional materials, are not effectivein helping studentsto learn
basic facts.
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Considering the emphasisthat Californiahas placed on ensuring that studentsare
provided with, and that teachersteach with, state-approved textbooks, it is disheart-
ening to learn that the students whose teachersrelied most heavily on state-approved
textbooks achieved roughly onethird aswell on their basic facts (6% demonstrated
80% or better Basic Facts Competence) as students who experienced | ess textbook
reliance (18% demonstrated 80% or better Basic Facts Competence). When teachers
followed the advice of thesetextbooks on how best to teach their students, students
were found to rely most heavily on instrumental counting, and made few gainsin
either their memorization or their use of derived-fact strategies. This is quite
different from the data we have about students from Asian countries.

Under-10 Facts, Doubles, 10-Facts

Whereas Asian teachers have been reported to emphasize 10-based strategies,
teachersin this California study seemed to focus on memorization of doublesasa
way to enhance students' doubles-based strategies. Although students demon-
strated more confidence with the doubles facts than any others (74% retrieval of 6
+ 6 and nearly 50% retrieval of 7 + 7), they rarely seemed to use their knowledge
of doublesfactsto derive other related problems. Only 10.2% used a derived-fact
strategy of any kindto solve 7 + 8 (15.3% retrieved from long-term memory). Even
with the under-10 fact of 4 + 5, just 8.7% used aderived-fact strategy as compared
with over 40% who counted to solve this under-10 problem (50.5% retrieved from
long-term memory).

Another finding that alignswith practices from high-performing countriesisthat
memorization of 10-facts served as a strong predictor of retrieval of over-10 facts
such as7 + 8 and 5 + 9; memorization of doubles did not. The prominence of the
10-factsasthe single best predictor of over-10 addition fact memorization resonates
withinternational findings. Studentsfrom high-performing countries such as China,
Japan, Korea, and Taiwan have been reported to frequently use derived-fact strate-
giesinvolving 10 during first grade (e.g., 7+8=[5+2] +8=5+[2+8] =5+ 10)
prior to developing confident retrieval for the majority of the basic facts (Fuson &
Kwon, 1992).

Although several of the teachers in this study used workshesets and timed-test
materialsthat had studentswork sequentially from the +0 factsto the +10 facts, the
results of this study suggest that other approaches might be more beneficial. New
Zeadland's Numeracy Professional Development Projects (2005, p. 41-43), for
instance, recommends a basic-facts focusfirst on within-5s (e.g., 2 + 3) and with-
5s(e.g., 5 + 4), then within-10s (e.g., 7 + 3) and doubles-to-10, then 10 numbers
(e.g., 8 + 10) and doubles-to-20 (e.g., 8 + 8). Thistype of approach has the advan-
tage of focusing students on part-whol e relationships early on, which seemslikely
to support derived-fact strategies as an alternative to counting (Cotter, 1996). It also
has the advantage of focusing memorization on 10-facts early on. Studentsin this
study might have benefited from this approach; asit was, 4 + 6 was the most-often
counted addition fact. Not only did 81.3% of the students not have thisfact memo-
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rized, only 5.8% used a derived-fact strategy for this problem. This suggests that
many students did not have the flexibility to use 5s to decompose and recompose
this problem by thinking4+6=4+(1+5)=(4+1)+5=5+5,

Moving From Counting to Derived-Fact Strategies and Memorization

This study found that barely half of the students who rely on counting near the
end of first grade are highly accurate (51% for addition, 46% for subtraction). For
many students, counting appearsto befairly unreliable (seesimilar resultsin Geary
& Bow-Thomas, 1996). From this perspective, and also considering the goal of
moving beyond unitary thinking to part-whole and groups-of-10 thinking, acontin-
uing instructional focus throughout first grade on solving basic-fact problems by
counting may not be particularly beneficial for first-grade students. Certainly most
students begin first grade with aneed to refine their counting skills asthey build a
conceptual foundation for addition and subtraction. To rush through this process
may jeopardize the operations and number sensethat are believed to be foundational
to future mathematical success. However, these dataand previousresearch suggest
that students are very likely to benefit if their teachers have derived-fact strategies
and memorization as overarching goals by the end of first grade, and that they are
using instructional strategies to help students transition from unitary counting to
part-whole thinking.

One clear focus of instruction, used by teachersin several schoolsin this study,
wasto provide students with a physical cueto solve addition facts by counting on.
Teachers explained that the instructional strategy was to have students select one
of thetwo addends (it is hoped thelarger) and say that number asthey touched their
heads. Then they would count on using the remaining addend, employing either
fingersor mental counting. Several teachers stated that they had spent many instruc-
tional events working on this strategy, and even late in the year they were aware
that not all students were confident, or accurate, counting on from the larger
number. The number of students who tapped their heads as they solved problems
by counting on certainly confirmed theinstructional focusreported by theteachers.

From an observer’ s perspective, it seems possible that students and teachers saw
this counting-on strategy asadesired outcomein and of itsdlf rather than asatempo-
rary strategy to be abandoned as soon as more efficient derived-fact strategies and
memorization could be achieved. This seemsto echo thelack of significant changes
acrosstimein the number of facts solved viacounting that Geary and Bow-Thomas
(1996) found for American first graders. In contrast, the Chinese first gradersin
Geary and Bow-Thomas' cross-national study made significant changes in their
solution strategies, moving from amixture of counting, decomposition, and retrieval
early in first grade to primarily decomposition and retrieval later in first grade.

It appears that California s first-grade teachers and students are in a quandary.
The content standard is memorization, but many students are clearly not compe-
tent solving basic-fact problems even with counting. Thus, the question remains
whether or not classtime and instructional resources should be devoted to improving
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counting strategies and accuracy first, or whether first graders can develop basic-
facts fluency without completely mastering counting-on strategies. A uniform
consensus has not yet been reached on this developmental question. However,
Steinberg (1984) reported that at least some second graders were able to use
derived-fact strategies without first having to master counting-on strategies. What
does seem clear, however, is that many of the students in this study had not
mastered accurate and efficient counting strategies by the end of first grade, which
may have infringed on the quantity of instructional events their teachers felt
comfortable focusing on memorization and derived-fact strategies.

Because California’s basic-facts standard explicitly calls for memorization, it
would belogical to assumethat many teacherswould focustheir instruction on activ-
itiesand tasksthat arelikely to aid memorization. From various conversationswith
teachers, it became clear that they were uncertain about how best to help their
students memorize the facts. Teachers reported frequent use of worksheets, flash
cards and timed tests, focusing variously on memorization, derived-fact strategies,
and accuracy with counting. It seems that many of the participating teachers held
abelief that repetition using counting would eventually lead to derived-fact strate-
gies and memorization. This belief was not supported by student achievement
findings. In fact, none of these three ubiquitous practice activities was found to
provide a substantial contribution to memorization or fluency with the facts.
Perhaps the most startling finding for teachersis that frequent use of timed tests
seemed to actually work against student memorization and Basic Facts Competence.

An important question here seems to be why so many students in this study,
provided with alarge number of practice opportunities, still relied so heavily on
counting strategies. One explanation, based on strength-of-association and distri-
bution-of-association theories (Ashcraft, 1995; Siegler & Jenkins, 1989) could be
that students' practice sessions had produced a combination of both correct and
incorrect solutions such that students had devel oped weak associations. With weak
associations, students would not have sufficient confidence for accurate retrieval .
Another possibility might bethat the practice opportunitiesdid not provide students
with timely feedback, so that even when students solved problems correctly, their
association bonds were not strengthened because they were not certain their solu-
tions were correct.

Asteachersusevariousinstructional strategiesin hopes of developing basic-facts
memorization, it is important that these strategies not inhibit the development of
other foundational aspects of number sense, including operations sense and place
value. Students in this study who experienced more instructional events designed
to help them learn how to answer basic-fact problems correctly (generally by
counting) tended to perform less well on atest of Number Sense Proficiency. The
results also indicate that studentswho relied more on counting tended to scorelower
on this Number Sense Proficiency construct. Correspondingly, studentswho used
memori zation and derived-fact strategies more frequently to solve basic-fact prob-
lems, and who experienced more instructional events focused on learning how to
use derived-fact strategies, tended to have higher Number Sense Proficiency scores.
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In tandem, these findings seem to suggest that first graders who continue to use
counting astheir primary strategy throughout the year may be disadvantaged intheir
opportunities to develop conceptual understanding of place value and strategic
competence with problems in context.

Because of thelimited correspondence between theinstructional eventsteachers
identified as focusing on memorization, and the actual retrieval from long-term
memory of students experiencing these events, thisstudy isnot ableto provide any
inferences about the effect of memory-focused instruction on Number Sense
Proficiency. Thefinding, however, that Basic Facts Competence scores correlated
more strongly with Number Sense Proficiency than did Basic Facts Retrieval scores
alone, suggeststhat students may be better served, from aNumber Sense perspec-
tive, by working simultaneously on memorization and derived-fact strategies.

These results suggest a need to identify and/or design, implement, and then
study curricula that help students move beyond counting to memorization and
derived-fact strategiesduring first grade. Thismay imply that less emphasiswould
be placed on hel ping students devel op efficient counting strategies, and that some
students might well be working on devel oping derived-fact strategies even before
mastering counting on. Asmentioned earlier, thereisat |east one precedent for this
approach, although that research was conducted with second graders (Steinberg,
1984). The chalengein first grade, though, isto ensure that students are provided
with sufficient support and experience with counting strategies to develop foun-
dational understandings related to operations sense and number sense more gener-
aly, and then move to derived-fact strategies and memorization. Based on the
finding that knowledge of 10-facts are better predictors of memorization than
knowledge of doublesfacts, students may benefit by engaging in avariety of activ-
ities to devel op their understanding, visualization, and memorization of combina-
tions of 10.

CONCLUSIONS

It appearsthat most students, even those attending high-performing schools, are
far from achieving the first foundational step in accelerating mathematicslearning
in California. This first failure seems likely to create enormous stress on the
achievement of subsequent accelerated standards that rely on number sense and
computational fluency. The question that seems most pressing iswhether students
are unableto achievethis standard in first grade or whether the instruction they are
currently receiving is misaligned with the standard.

The data from this study provide evidence that the current state-approved text-
books are encouraging reliance on counting, rather than supporting student move-
ment away from counting and toward derived-fact strategies and memorization.
Other high-frequency teacher-selected strategies such as worksheets, flash cards,
and timed tests al so appear to encourage continued reliance on counting. These find-
ings are important indicators that California has not yet found the curricula and
instructional strategies that could promote basic-facts fluency in both aspects of
derived-fact strategies and memorization.
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Although the majority of studentsin thisstudy, instructed primarily viatraditional
textbooks and worksheets, flash cards, and timed tests, did not achieve high levels
of successwith amemorization standard, we have reason to believethat first-grade
students can achieve addition basic factsfluency, if fluency is defined as a combi-
nation of derived-fact strategies and retrieval from long-term memory. When
fluency is defined in this fashion, and when teachers are provided with curricula
and instructiona strategies that help students move from counting to flexible use
of derived-fact strategies and memorization, students are better positioned to
develop both basic-facts fluency and early number sense.

Once the research, development, and distribution of such curriculaand instruc-
tional strategies have been accomplished, then we will be ableto ascertain whether
students can achieve both addition and subtraction facts fluency by the end of first
grade. There are indications from these data, as well asinternational studies, that
subtraction fluency may lag behind that of addition. Thispossibility should beeasier
to study once more effective basic-facts teaching is more widely implemented.

Policy and Professional Development Implications

During its 2004—2005 review of the mathematics standards and framework,
Cdlifornia s State Board of Education elected to retain the entire body of mathe-
matics standards without the possibility of revision or refinement. The next sched-
uled opportunity for reopening this discussion will be in 2011. This time frame
provides arelatively short window of opportunity to engagein additional teaching
and learning research, focused on other pivotal or accel erated standards acrossthe
grades, that could provide datato shape future standards revision discussions. The
continuing expectation that first graders know and memorize their basic facts also
leads to several challenges.

First, we are likely to have large numbers of elementary and middle school
students who have not received the second- and third-grade addition and subtrac-
tion facts support that they were apt to have received pre-standards. This study’s
achievement data suggest that California’s first-grade students, as they move
forward into second grade and beyond, are far from achieving basic-facts fluency
and will continueto need systematic instruction and rehearsal opportunities beyond
first grade. This leads to an immediate need for teacher awareness and classroom
interventionsto help these students acquire the basic factsfluency they need asthey
study more complex forms of computation and higher levels of mathematics.
Without an ongoing basic-factsinstructional component in later grades, including
asystematic focus on derived-fact strategies, it seemsunlikely that all the students
sampled inthisstudy will be ableto devel op the confidence and efficiency with basic
facts that is believed to be so essential to ongoing success in mathematics. This
ongoing focus is most likely to occur if state-level attention is directed at the
problem.

A second policy challenge in Californiarevolves around the current state-level
expectation that high reliance on state-approved textbooks will produce high
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student achievement on state standards. This study has provided evidencethat just
the opposite may bethe case, at least in first-grade mathematics. The fact that high
textbook reliance was actually associated with lower achievement of the standard
isanindicator that traditional textbooks may not be as effective as those who have
championed them have hoped. This study serves as an early warning that
Cadlifornia s textbook adoption review process, approval procedures, and compli-
ance requirements may need serious study. In addition, the same expectations for
research-based evidence of student achievement should be applied to traditional text-
books asthosethat are being applied to newer reform-based instructional materials.

Theissue of textbook insufficiency is also immediately important to first-grade
studentsin the next several years until new, more effective materials can be iden-
tified, approved, and purchased for classrooms. The results of this study indicate
that teachers may have alimited understanding of the types of instructional events
that are likely to support memorization and part-whole thinking in support of
derived-fact strategies. Although theinstructional eventsthey identified asfocusing
on memorization and derived-fact strategies may have been dlightly effective in
improving the use of derived-fact strategies and to alesser degree in reducing the
use of counting, they do not appear to have been effective in helping students
increase their use of retrieval from long-term memory. The finding that in-class
repeated practice (as self-reported by teachers) did not positively correlate with
retrieval from long-term memory raises questions about theinstructional practices
that assist students in developing bonds of association (Ashcraft, 1990, 1995;
Siegler & Jenkins, 1989) between basic-fact combinations and their sums and
differences. Thispointsto the need for both research and professional development
for first-grade teachersto hel p them understand best practicesin relation to teaching
basicfacts. State-level support for both research and professional development can
ensure that al first-grade students have improved opportunities to develop foun-
dational number sense and fluency.

This study’s findings may prove useful to teachers, professional development
trainers, and textbook publishers as they consider ways to improve basic-facts
learning. At least for the present, it makes sensefor teachersand professional devel-
opers to develop a healthy skepticism for the pacing and instructional strategies
recommended in at least some state-approved textbooks. Not only did studentsin
this study not make strong progresstoward the basi c-facts standard, even with quite
high textbook reliance and many extrainstructional events, textbook reliance was
to some extent negatively correlated with basic-facts memorization and the use of
derived-fact strategies.

REFERENCES

Ashcraft, M. H. (1990). Strategic processing in children’s mental arithmetic: A review and proposal.
InD. F. Bjorklund (Ed.), Children’s strategies. Contemporary views of cognitive development (pp.
185-212). Hillsdale, NJ: Lawrence Erlbaum Associates.

Ashcraft, M. H. (1995). Cognitive psychology and simple arithmetic: A review and summary of new
directions. Mathematical Cognition, 1(1), 3-34.



182 First-Grade Basic Facts

Baroody, A. J. (1999). Children’s relational knowledge of addition and subtraction. Cognition and
Instruction, 17, 137-175.

Baroody, A. J. (2003). The devel opment of adaptive expertiseand flexibility: Theintegration of concep-
tual and procedural knowledge. InA. J. Baroody & A. Dowker (Eds.), The development of arithmetic
concepts and skills: Constructing adaptive expertise (pp. 1-34). Mahwah, NJ: Lawrence Erlbaum
Associates.

Baroody, A. J., & Codlick, R. T. (1998). Fostering children’s mathematical power: An investigative
approach to K-8 mathematics instruction. Mahwah, NJ: Lawrence Erlbaum Associates.

Bisanz, J.,, & LeFevre, J.-A. (1990). Strategic and nonstrategic processing in the development of math-
ematical cognition. In D. F. Bjorklund (Ed.), Children’s strategies: Contemporary views of cogni-
tive development (pp. 213-244). Hillsdale, NJ: Lawrence Erlbaum Associates.

Bjorklund, D. F., Muir-Broaddus, J. E., & Schneider, W. (1990). Therole of knowledge in the devel-
opment of strategies. In D. F. Bjorklund (Ed.), Children’ s strategies: Contemporary views of cogni-
tive development (pp. 93-126). Hillsdale, NJ: Lawrence Erlbaum Associates.

Brownell, W. A. (1935). Psychological considerations in the learning and the teaching of arithmetic.
InD. W. Reeve (Ed.), Theteaching of arithmetic: Tenth yearbook, National Council of Teachers of
Mathematics (pp. 1-50). New Y ork: Bureau of Publications, Teachers College, ColumbiaUniversity.

California State Board of Education. (1999). Mathematics framework for California public schools:
Kindergarten through grade twelve. Sacramento: California Department of Education.

Campbell, J. I. D., & Xue, Q. (2001). Cognitive arithmetic across cultures. Journal of Experimental
Psychology: General, 130, 299-315.

Carpenter, T. P., Ansdll, E., & Levi, L. (2001). An aternative conception of teaching for understanding.
InT.Wood & B. S. Nelson & J. Warfield (Eds.), Beyond classical pedagogy: Teaching elementary
school mathematics (pp. 27-46). Mahwah, NJ: Lawrence Erlbaum Associates.

Carpenter, T. P., Fennema, E., Franke, M. L., Levi, L., & Empson, S. B. (1999). Children’s mathematics:
Cognitively guided instruction. Portsmouth, NH: Heinemann.

Carpenter, T. P., Fennema, E., Franke, M. L., Levi, L., & Empson, S. B. (2000). Cognitively guided
instruction: Aresearch-based teacher professional devel opment programfor el ementary school math-
ematics. Madison, WI: National Center for Improving Student Learning and Achievement in
Mathematics and Science.

Carpenter, T. P., & Lehrer, R. (1999). Teaching and learning mathematics with understanding. In E.
Fennemaé& T. A. Romberg (Eds.), Mathematics classrooms that promote under standing (pp. 19-32).
Mahwah, NJ: Lawrence Erlbaum Associates.

Carpenter, T. P., & Moser, J. M. (1984). The acquisition of addition and subtraction conceptsin grades
one through three. Journal for Research in Mathematics Education, 15, 179-202.

Cotter, J. A. (1996). Constructing a multidigit concept of numbers: A teaching experiment in the first
grade. Unpublished Dissertation, University of Minnesota.

Cotter, J. A. (2002). Using language and visualization to teach place value. On-Math, Winter 2002.
Retrieved November 13, 2007, from http://my.nctm.org/eresources/view_article.asp?article id=2261

Fox, L. S. (1995). Effects of practice of basic addition facts on third graders' arithmetic performance.
Unpublished Dissertation, The Claremont Graduate School.

Fuson, K. C. (1992). Research on whole number addition and subtraction. In D. A. Grouws, ed. (Ed.),
Handbook of research on mathematics teaching and learning (pp. 243-275). New Y ork: Macmillan
Publishing Company.

Fuson, K. C., & Kwon, Y. (1992). Korean children’s single-digit addition and subtraction: Numbers
structured by ten. Journal for Research in Mathematics Education, 23, 148-165.

Fuson, K. C., Stigler, J. W., & Bartsch, K. (1988). Grade placement of addition and subtraction topics
in Japan, mainland China, the Soviet Union, Taiwan, and the United States. Journal for Researchin
Mathematics Education, 19, 449-456.

Geary, D. C. (1994). Children’s mathematical development: Research and practical applications.
Washington, DC: American Psychological Association.

Geary, D. C., & Bow-Thomas, C. (1996). Development of arithmetical competencies in Chinese and
American children: Influence of age, language, and schooling. Child Development, 67, 2022—2044.



ValerieJ. Henry and Richard S. Brown 183

Gray, E. M. (1991). An analysis of diverging approaches to simple arithmetic: Preference and its
consequences. Educational Sudiesin Mathematics, 22, 551-574.

Gray, E. M., & Tall, D. O. (1994). Duality, ambiguity, and flexibility: A “proceptual” view of simple
arithmetic. Journal for Research in Mathematics Education, 25, 116-140.

Groen, G. J,, & Parkman, J. M. (1972). A chronometric analysis of simple addition. Psychological Review,
79, 329-343.

Hiebert, J., & Wearne, D. (1992). Links between teaching and |earning place value with understanding
infirst grade. Journal for Research in Mathematics Education, 23, 98-122.

Hopkins, S. L., & Lawson, M. J. (2002). Explaining the acquisition of acomplex skill: Methodol ogical
and theoretical considerations uncovered in the study of simple addition and the Moving-On Process.
Educational Psychology Review, 14, 121-154.

Houghton Mifflin. (2002). Mathematics. Geneva, IL: Houghton Mifflin.

I1g, F., & Ames, L. B. (1951). Developmental trendsin arithmetic. Journal of Genetic Psychology, 79,
3-28.

Kilpatrick, J., Swafford, J. O., & Findell, B. (Eds.). (2001). Adding it up: Helping children learn math-
ematics. Washington, DC: National Academy Press.

Kulm, G. (1985). Srategiesand activities: Learning to add and subtract. Washington, D.C.: TheNational
Institute of Education.

LeFevre, J-A., Smith-Chant, B. L., Hiscock, K., Daley, K. E., & Marris, J. (2003). Y oung adults strategic
choicesin simple arithmetic: Implications for the development of mathematical representations. In
A.J. Baroody & A. Dowker (Eds.), The devel opment of arithmetic conceptsand skills: Constructing
adaptive expertise (pp. 203-228). Mahwah, NJ: Lawrence Erlbaum Associates.

McGraw-Hill. (2002). McGraw-Hill Mathematics. DeSoto, TX: McGraw-Hill.

Miura, I. T., Okamoto, Y., Kim, C. C., Chang, C.-M., Steere, M., & Fayol, M. (1994). Comparisons of
children’ s cognitive representation of number: China, France, Japan, Korea, Sweden, and the United
States. International Journal of Behavioral Development, 17, 401-411.

National Council of Teachers of Mathematics. (2006). Curriculum focal points for prekindergarten
through grade 8 mathematics: a quest for coherence. Reston, VA: NCTM.

Numeracy Professional Development Projects. (2005). Book 3: Getting started. Wellington, NZ:
Ministry of Education. Retrieved January 2, 2008, from http://www.nzmaths.co.nz/numeracy/
2005numPDFs/NumBKk3.pdf

Peak, L. (1997). Pursuing excellence: A study of U.S. fourth-grade mathematics and science achieve-
ment in international context. Washington DC: National Center for Education Statistics.

Scott Foresman. (2001). California Mathematics. Lebanon, IN: Scott Foresman.

Siegler, R. S,, & Jenkins, E. (1989). How children discover new strategies. Hillsdale, NJ: Lawrence
Erlbaum Associates.

Steinberg, R. M. (1984, April). Derived facts strategies in learning addition and subtraction. Paper
presented at the Annual Meeting of the American Educational Research Association, New Orleans,
L.A.

Authors

ValerieJ. Henry, Department of Education, University of California, Irvine, 2001 Berkeley Place, Irvine,
CA 92697; vhenry@uci.edu

Richard S. Brown, School of Education, University of Southern California, 601A Waite PhillipsHall,
Los Angeles, CA 90088; richard.brown@usc.edu



